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Abstract. We construct spectral sequences in the framework of 
Baues-Wirsching cohomology and homology for functors between 
small categories and analyze particular cases including Grothendieck 
fibrations. We also give applications to more classical cohomology and 
homology theories including Hochschild-Mitchell cohomology and those 
studied before by Watts, Roos, Quillen and others. 



Introduction 

In a fundamental paper (H, Baues and Wirsching introduced a very 
general version of cohomology for small categories. This Baues-Wirsching 
cohomology uses general coefficients given by natural systems. A natural 
system on a small category is a functor from the factorization category 
Fl'tf) into the category 2tb of abelian groups. Baues-Wirsching cohomology 
generalizes at once many of the previously constructed versions of 
cohomology for categories, including Hochschild-Mitchell cohomology 
pOl , the various versions of cohomology of small categories introduced 
by Watts [29], Grothendieck d, Roos |j28J and Quillen I|26l, MacLane 
cohomology of rings [17J, ||T9| , pSH and the cohomology of algebraic 
theories [17J. 

In this article we analyze the functoriality of Baues-Wirsching 
cohomology with respect to functors between small categories. Namely, for 
a functor u : S ^ we construct natural spectral sequences relating the 
Baues-Wirsching cohomology of the category S with that of the category 
.% and associated local fiber data. We derive a first quadrant cohomology 
spectral sequence of the form 

= H^Bwi^^ n'^{-/Fu, D o ^ HP+^{^, D) 

which is functorial with respect to natural transformations and where 

W{-/Fu, D o q(-)) = lim^/^^p o q(-)) :F^^£^ 

is a particular natural system keeping track of the fiber data. We 
also introduce the dual concept of Baues-Wirsching homology of 
small categories and derive a homology spectral sequence dual to the 
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cohomology spectral sequence above. Specializing to particular coefficient 
systems, for example given by bimodules, modules, local or trivial systems, 
then induces spectral sequences for Hochschild-Mitchell cohomology and 
homology and for the other classical cohomology and homology theories of 
small categories. An interpretation of the cohomology of algebraic theories 
in terms of Baues-Wirsching cohomology due to Jibladze and Pirashvili ||T7| 
allows us also to study morphisms of algebraic theories cohomologically. 

The main ingredient in the construction of these spectral sequences 
is the Andre spectral sequence [1]. Given a functor between small 
categories, Andre constructed a spectral sequence for the cohomology 
and homology of the categories involved. Using an interpretation of 
the Baues-Wirsching cohomology and homology groups as particular Ext 
and Tor groups in appropriate functor categories we extend the Andre 
spectral sequences to the context of Baues-Wirsching theories and unify the 
existing spectral sequence constructions for cohomology and homology of 
categories studied before. Special cases of these spectral sequences were 
also constructed by Cegarra IZl and recently by Robinson [27J to study the 
functoriality of cohomology of diagrams of groups and algebras. 

In the particular case that the functor u : S" ^ is a Grothendieck 
fibration of small categories, the local categorical data can be identified 
more explicitly in terms of fiber data. The cohomology spectral sequence 
for a Grothendieck fibration turns out to be equivalent to the one 
constructed by Pirashvili and Redondo [231. which converges to the 
cohomology of the Grothendieck construction of a pseudofunctor. We 
again analyze several special cases, including a general Cartan-Leray type 
spectral sequence for categorical group actions. In the particular case 
of bimodule coefficients such a Cartan-Leray type spectral sequence was 
also studied by Ciblis and Redondo ||10| . 1^ for Galois coverings of k- 
linear categories, which proves to be an important calculational tool for the 
representation theory of finite-dimensional algebras. 

In a sequel to this paper we aim to study cohomology and homology 
theories with even more general coefficient systems, due to Thomason fSO], 
given by functors from the comma category A/*^ into abelian groups or 
more generally into a model category, where is the given small category 
and A the simplex category. These will allow for the construction of 
spectral sequences generalizing the classical Bousfield-Kan homotopy limit 
and colimit spectral sequences. 

1. Constructing spectral sequences for functors 

1.1. Constructing Andre spectral sequences. In this section we review 
and unify the constructions of various spectral sequences for functors 
between small categories. 

For a given small category ^ and an abelian category £/, for example if 
£/ = 2tb is the category of abelian groups, we can do homological algebra 
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in the functor category ^un{^,£/). It turns out that ^un{^,£/) is again 
an abelian category with enough projective objects and by a theorem of 
Grothendieck [14J also with enough injective objects and so the classical 
functorial constructions of homological algebra like Ext and Tor can be 
performed in 5un('^, =c/) (see [12J, [14]). 

Let us first recall the definitions of the cohomology and homology of 
a small category via derived limits and colimits, and the construction of 
the Andre spectral sequences for general functors between small categories 
(see Q, im, and [22J). 

Definition 1.1. Let 'if he a small category and F : — > i?/ a functor to an 
abelian category £/. 

(i) Assume £/ is complete and has exact products. The n-th cohomology 
of^ with coefficients in F is defined as: 

H''{'^,F) = lim^F. 

(ii) Assume is cocomplete and has exact coproducts. The n-th 
homology of'W with coefficients in F is defined as: 

Hn{'^,F) =colim^F. 

Now let u : ^ ^ be a functor between two small categories and 
and F : ^ — > i?/ a functor from ^ to any category £/. We get an induced 
functor between functor categories 

u* -.duni^,^) ^dun{^,£/), u*{F) = Fou. 

If the category is complete then the fimctor u* has a right adjoint functor, 
the right Kan extension. 

If £/ is moreover an abelian category with exact products, then Rauu has 
right satellites (see ||8| ), 

:= Rani : 5un(^f , £/) dun{^, £/). 

In this general situation we have the following cohomology spectral 
sequence due to Andre HJ (see also ||16| . I22]). 

Theorem 1.2. Let u : S' ^ ^ be a functor between small categories and F : 
S' ^ £/ a functor to a complete abelian category with exact products. Then 
there exists a first quadrant spectral sequence of the form 

^P'^ ^ HP{S§, {R'^u^){F)) HP+i{c^, F) 

which is functorial with respect to natural transformations, where R'^u^, = Rani 
is the q-th right satellite of Ranu, the right Kan extension along the functor u. 

For every functor u : S ^ and object b e =^ let : b/u ^ She the 
forgetful functor from the comma category b/u io We can identify the 
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q-th right satellite R'^u^ = Rant in terms of the comma category as follows 
(this is the dual statement of HU Application 2]): 

iRanlF){b)^]iml^jFoQ'). 

These isomorphisms are natural in objects b and functors F of^un{S', £/). 
Therefore we can identify the £'2-term of the Andre spectral sequence and 
obtain the following: 

Corollary 1.3. Let u : —?' ^ be a functor between small categories and F : 
(o £/ a functor to a complete abelian category si with exact products. Then 
there exists a first quadrant spectral sequence of the form 

E^''^ ^ HP{j^,W{-/u,FoQ(-^)) ^ HP+'i{S,F) 

which isfunctorial with respect to natural transformations and where 

UH-lu, F o = lim^ , (F o : ^ ^ ^. 

We can also consider the dual situation. If the abelian category jz/ is 
cocomplete then the functor u* has a left adjoint functor, the left Kan 
extension, 

Lan" : ^m{<§,.<2^) dun{^,£/). 
If £/ is moreover an abelian category with exact coproducts then Lan" has 
left satellites (see 111), 

LqU^ := Larig : funis', s/) dun{^,s/), 

and we get the following homology Andre spectral sequence: 

Theorem 1.4. Let u : S ^ ^be a functor between small categories and F : S' ^ 
si a functor to a cocomplete abelian category si with exact coproducts. Then there 
exists a third quadrant spectral sequence of the form 

^ Hp{^, {LgU,){F)) ^ Hp+,{<^, F) 

which isfunctorial with respect to natural transformations, where LqU^ = Lan^ 
is the q-th left satellite of Lan^, the left Kan extension along the functor u. 

For every functor u : S ^ and every given object 6 € ^ let : 
ujh he now the forgetful fimctor from the comma category u/b io 
We can then identify the g-th left satellite LgU^, = Lan^ as follows (see HTSl 
Application 2]): 

(Lan^F) (6) ^colim^/''(FoQt). 

These isomorphisms are again natural in objects b and functors F of 
3^un((f , si) and we can identify the ii^2-term of the above spectral sequence 
and obtain: 

Corollary 1.5. Let u : S ^ be a functor between small categories, si a 
cocomplete abelian category with exact coproducts and F : S ^ si a functor. 
Then there exists a third quadrant spectral sequence of the form 

E^"^ ^ Hp{m,nq{u/-,FoQ^_))) ^ Hp+g{^,F) 
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which isfunctorial with respect to natural transformations and where 

?{g(n/-,FoQ(_)) = colim^/-(FoQ(_)) : ^ . 

1.2. Constructing spectral sequences for Baues-Wirsching cohomology 
and homology. Let us now recall the definition of the Baues-Wirsching 
cohomology of a small category and its main properties [4J. Dually, we 
will also introduce the notion of Baues-Wirsching homology. 

Definition 1.6. Let be a small category. The factorization category of 
'lo is the category whose object set is the set of morphisms of and whose 
Horn-sets F^{f, f) are the sets of pairs {a, (3) such that /' = (if a, 



f f 
a a' . 

a 

The composition of morphisms in the factorization category F'lo is defined 
by 

(a', /3') o (a, /3) = (a o a , j3' o /3). 
We will introduce the following general coefficient systems: 

Definition 1.7. Let ^ be a category. A functor D : F^ — )• ^ is called a 

natural system with values in ^ . For a, /, /3 as above we write 

(1) a" = D[oL,\) ■ D{j) ^ D{j o a) 

(2) /3, = Z?(l,/3):Z)(/)^Z)(/3o/). 

The factorization category construction is functorial on the category Cat 
of small categories. The functor 

F : Cat ^ Cat 

is given on morphisms as follows: \iu : S — > =^ is a functor then Fu : FS 
F3S is the functor given on objects by Fu{f) = u{f) and on morphisms by 
Fuia,l3) = {u{a),u{/3)). 
There is a functor 

f 

given by (a — > h) ^ (a, h) and (a, /?) ^ (a, /3). This construction is natural 
in-r. 

We define now the Baues-Wirsching cohomology of a small category as 
follows: 

Definition 1.8. Let be a small category and let D : F^ £/he a natural 
system with values in a complete abelian category £/ with exact products. 
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We define the Baues-Wirsching cochain complex C*Qy^{^,D) as follows: For 
each integer n > the n-th cochain object is given by 

Let NJ^ be the nerve of Considering elements of Cg^('^, D) as maps 
a : Nn'tf U/eMorC^^) ^(/) with a{fi, ...,fn) e D{fi o • • • o /„), where 
(t(1c) G L>(1c) forn = 0, the differential 

is given by 

{da){fl, ■■■ , fn+l) = (/l)*0-(/2, • • • , fn+l) 

+ Ej=l(-l)*f^(/ir-- Ji°fi+1,--- ,/n+l) 

+(-ir+i(/„+i)v(/i,--- ,/„). 

The n-th Baues-Wirsching cohomology is defined as 

Dually, we can define the Baues-Wirsching homology of a small category. 

Definition 1.9. Let be a small category and let D : F'^ £/ he a 
natural system with values in a cocomplete abelian category £/ with exact 
coproducts. We define the Baues-Wirsching chain complex C^'^{^,D) as 
follows: For each integer n > the n-th chain object is given by 

Let A = (Co Ci ■ ■ ■ 1^ C„) be a string of n composable arrows and 
let inx : D{X) ^ C^^{'^, D) be the inclusion. We first define 

: ^ C^_^(^,Z)), < ^ < n. 

by setting 

'iudoxo D{idcoO fn), ifi = 0, 
di oin\= I iudiX, if < i < n, 

^ i-ridnX o D{fo o idcj, if i = n. 
Here diX is the i-th face of the string in the nerve N^'if. The differential 

d:Cf^C^,Z?)^Cf_^(^,L>) 
is given by the alternating sum 

n 

d = ^(-i)X. 

1=0 

The n-th Baues-Wirsching homology is defined as 
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Remark 1.10. It follows from the definition, that even though the coefficient 
systems are more general, Baues-Wirsching cohomology can also be 
interpreted in terms of classical cohomology of small categories over the 
factorization category F^, namely we have an isomorphism 

In fact, we can identify Baues-Wirsching cohomology as the derived 
functors of the limit functor [4, Theorem 4.4 and Remark 8.7], 

Hlw{^, D) ^ Ext^.^(Z, D) ^ lim^.^L>, 

where Z : F'lo — > jz/ is the constant natural system on ^. 

Dually, we can identify Baues-Wirsching homology as the derived 
functors of the colimit functor 

i/^^C^, D) ^ Tor^^(Z, D) ^ colimf^L) 

and therefore get again an isomorphism 

H^^i'^^D)^ H.aiF'^^D). 

The Baues-Wirsching cochain complex can also be seen naturally as a 
functor from the category 9Tat of natural systems given by all pairs ('^, D), 
where is a small category and D a natural systems into the category 
of cochain complexes. Similarly Baues-Wirsching cohomology gives an 
induced functor from 9Iat into the category of graded abelian groups 2lb. 
In particular let us note that any equivalence of small categories (p : ^' ^ 
induces an isomorphism of Baues-Wirsching cohomology groups (see lH 
Theorem 1.11]): 

The Baues-Wirsching cochain complex can further be extended to give 
a 2-functor from an extended 2-category of natural systems into the 2- 
category of cochain complexes such that the Baues-Wirsching cohomology 
factors through a quotient of OTat [21]. 

Dually, analogous functoriality properties can be obtained for the Baues- 
Wirsching chain complex and the associated Baues-Wirsching homology of 
a small category. 

Baues-Wirsching cohomology and homology also generalize many 
existing cohomology and homology theories whose coefficient systems can 
be seen as particular cases of natural systems. 

Let us recall the most important examples here (see also f^). We have 
the following general diagram of categories and functors, in which ^ is a 
given small category: 

F<r ^ X <^ ^ ^ ^ TTi^ A 1 

In this diagram, vr and p are the forgetful functors and q is the localization 
functor into the fundamental groupoid vri'^ = (Mor*^)"^^ of 'tf (see 1,18,1 ). 



8 IMMA GALVEZ-CARRILLO, FRANK NEUMANN, AND ANDREW TONKS 

Furthermore, 1 is the the trivial category consisting of one object and one 
morphism and t is the trivial functor. 

Now let s^hea (co)complete abelian category with exact (co)products, as 
above. Pulling back functors from ^un{^' , -sif) via the functors in the above 
diagram, where 'lo" is any one of the categories in the diagram, induces 
natural systems on the category and we can define various versions of 
cohomology and homology of small categories, which can all be seen as 
special cases of Baues-Wirsching cohomology or homology in this way (see 
11 Definition 1.18]). 

Definition 1.11. Let be a complete abelian category with exact products 
for cohomology, or a cocomplete abelian category with exact coproducts 
for homology. Then: 

(i) M is called a "i-Umodule if M is a functor of i^un('^°P x '€,£^). 
Define the cohomology H*jjj^^{'if, M) = HI^{'^,tt*M) and dually 
the homology ^C^, M) = ^C^, 7r*M). 

(ii) F is called a ^-module if F is a functor of 5^un('^, s^). Define the 
cohomology H*{'if, F) = H*^yy{'i^ , ■K*p*F) and dually the homology 
H,{^,F)=H^^{^,^*p*F). 

(iii) L is called a local system on if L is a functor of ^un{TTi'^ , £/) . 
Define the cohomology i?*('^,L) = H%^(^,TT*p*q*L) and dually 
the homology -H',(^,L) = H^^ {'ff,7r*p*q*L). 

(iv) j4 is a trivial system on 'lo ii A is an abelian group (resp. an object 
in i. e. a functor of 5^un(l,2tb) (resp. a functor of 5un(l, j?/)). 
Define the cohomology //*(^, A) = H*^^^^, ■n*p*q*t*A) and dually 
the homology H^{'€, A) = H^^i"^, 7r*p*q*t*A). 

These various cohomology and homology theories can be identified with 
the ones known previously in the literature. We have the following result 
(see El Section 8]). 

Proposition 1.12. Let £/ be a complete abelian category with exact products. 
Then: 

(i) For any '^-bimodule M of ^un{'^°P x £/) we have: 
HffMi'^^M) - Ext^c^(Z,^*M) ^ Ext^oj,x.^(Z^,M). 

(ii) For any ^-module F of^un{'^, £/) we have: 
H'^i^^F) ^ Ext],.^{Z,TT*p*F) ^ Ext;^(Z,F) ^ limg^F. 

(iii) For any local system Lon^ of ^un{TTi^ , si) we have: 
i/"(^,L) ^ Ext^c^(Z,7rV7*^) = Ext;j^c^(Z,L) 

^ lim^J^c^L ^ H"'{B'^,L) 
where B'la is the classifying space of the small category 

Proof. The statements of (i) and (ii) follow immediately from H Proposition 
8.5]. The canonical "^-bimodule Z*^ : x ^ ^ s/ used in (i) carries 
any object (A, B) to the free abelian group generated by the morphism set 
Hom.g'(A, B). The statement of (iii) is due to Quillen ^ §1, p. 83, (1)]. □ 
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Dually, we have a similar characterization for the various homology 
theories of a small category. 

Proposition 1.13. Let £/ bea cocomplete abelian category with exact coproducts. 
Then: 

(i) For any 'W-bimodule M o/5^un(^°P x ^, ^) we have: 
H^^{'^,M) ^ Torf^(Z,^*M) ^ Tor^°'''''^(Z'W,M). 

(ii) For any ^-module F o/5^un(^, £/) we have: 

HnC^, F) ^ Tor^^(Z, TT*p*F) ^ Tor^(Z, F) ^ colim^F. 

(iii) For any local system Lon^ o/5'un(7ri^, s^) we have: 
Hni'^,L) ^ Torf^(Z,7rVg*L) ^ Tor^i'^(Z,L) 

^ colim^i'^L ^ HniB'ff, L) 
where is the classifying space of the small category 

Proof. The proofs of (i) and (ii) are just dual to those of the preceding 
theorem and the statement of (iii) was proven by Quillen [26, §1, p. 83, 
(2)]. □ 



The cohomology and homology theories in (i) for ^-bimodule 
coefficients are the ones introduced by Hochschild and Mitchell, and which 
are also referred to as Hochschild-Mitchell cohomology (H |20l. Hochschild- 
Mitchell homology of categories was also introduced and studied before 
by Pirashvili and Waldhausen ||25| . Special cases of (ii) have been studied 
by Watts [29j, Roos [28J and Quillen [26]. These in turn also naturally 
generalize group cohomology and homology, where a group G is simply 
seen as a category with one object and morphism set G. 

We will now derive several spectral sequences for Baues-Wirsching 
cohomology and homology from the respective Andre spectral sequences 
as constructed in the first paragraph. 

Let us consider a functor u : S ^ ^ between small categories and the 
following diagram of categories and functors as defined before: 




In order to deal with all the different cases of coefficient systems at 
once, let us write ^ for any of the categories in the lower row of the 
above diagram and denote by v! : FS —> ^ the associated composition 
of functors. Furthermore, let ^ be a complete abelian category with exact 
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products. We have in each case a diagram: 




where c denotes the constant diagram functor, n'* is pre-composition with 
v! , and the other functors in the diagram are the right adjoints of these, 
given by the limits lim^^, liiiif^ and by v!^ = Rariu'. 

The spectral sequence for the derived functors of the composite functor 

limi;'^(-) = lim.^<(-) 

is an Andre spectral sequence as considered above. It converges to the 
Baues-Wirsching cohomology of with coefficients D of ^un{FS', £/) and 
therefore Theorem ll .21 gives a first quadrant cohomology spectral sequence 
of the form: 

Identifying the terms in the £'2-page according to Corollary ll.3l we therefore 
get: 

El''^ - HV[^, U\-lu', D o ^ D) 

where D o Q^ ^> is the composition of functors 

In particular cases the £'2-page may be simplified. For example in the 
case = with u' = Fu considered above, we get the following spectral 
sequence: 

Theorem 1.14. Let S' and SS he small categories and u : S ^ a junctor. Let 
he a complete abelian category with exact products. Given a natural system 
D : FS' ^ on there is a first quadrant cohomology spectral sequence 

- (R'^Fu^m) ^ D) 

which is functorial with respect to natural transformations and where R'^Fu^ = 
Rari^p^ is the q-th right satellite of Ranpu, the right Kan extension along Fu. 

Using the identification of the terms in the £'2-page as above we get 
therefore: 

Corollary 1.15. Let u : S ^ SShe a functor hetween small categories and £/ a 
complete ahelian category with exact products. Let D : FS £/ be a natural 
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system on S". Then there exists a first quadrant cohomology spectral sequence of 
the form 

= Hl^i^, Wi-/Fu, D o ^ H^+^i^, D) 

which isfunctorial with respect to natural transformations and where 
Wi-lFu, D o = lim^/^^(Z) o Q(-)) -.F^^s^. 

For the case = x and u' = n o Fu with a natural system D : 
FS' £/ onS" we get in particular the following spectral sequence: 

which after identifying the various terms involved gives a spectral 
sequence for Baues-Wirsching cohomology in terms of Hochschild- 
Mitchell cohomology: 

Theorem 1.16. Let S and he small categories and u : S ^ d§ a functor. Let 
£^ he a complete abelian category with exact products. Given a natural system 
D : FS' — > there is a first quadrant cohomology spectral sequence 

which isfunctorial with respect to natural transformations and where R'^{{u°p x 
u) o vr)* = Rany^opy,^)^^ is given as the q-th right satellite o/i?an(„opxn)o7r/ ihe 
right Kan extension along {u"p x n) o vr. 

As before we can identify the terms in the £'2-page of the spectral 
sequence with more concrete data and get: 

Corollary 1.17. Let u : S ^ -SS he a functor hetween small categories. Let 
he a complete abelian category with exact products. Given a natural system 
D : FS — )• there is a first quadrant cohomology spectral sequence 

which isfunctorial with respect to natural transformations and where 
W{-/iu"P xu)o7T,Do Q(-)) = Iiml/(„„,^„^^JZ) o : x ^ ^ ^. 

In the special case that D = tt*M for a bimodule M : S°p x S ^ jz/ on 
S we can further identify the £^2 -term of the spectral sequence in Theorem 
11.161 to obtain a spectral sequence for Hochschild-Mitchell cohomology of 
the form: 

Similarly, we can identify the E'2-page in terms of local fiber data as above 
in Corollary 11.171 This spectral sequence can also be derived directly 
from the cohomological Andre spectral sequence of Theorem 11.21 using 
the interpretation of Hochschild-Mitchell cohomology as an appropriate 
cohomology of small categories. 



12 



IMMA GALVEZ-CARRILLO, FRANK NEUMANN, AND ANDREW TONKS 



Dually, using similar arguments as above we can derive homological 
versions of the spectral sequences for Baues-Wirsching homology of 
categories. 

Theorem 1.18. Let S and he small categories and u : S ^ a functor. Let 
hea cocomplete abelian category with exact coproducts. Given a natural system 
D : FS' £^ on S , there is a third quadrant homology spectral sequence 

El^ - {L,Fu*){D)) H^^^i^, D) 

which is functorial with respect to natural transformations, where LqFu* = 
Lariq^ is the q-th left satellite of Lan^'^, the left Kan extension along Fu. 

Proof. This is simply dual to the statement of Theorem 11.141 and follows 
from the dual Andre homology spectral sequence involving the higher 
derived functors of colim^'^D in the description of Baues-Wirsching 
homology H^^{'€, D) (see HI, US p. 2291] and [18, Appendix II.3]). □ 

We can further identify the -E^-page of this spectral sequence and get: 

Corollary 1.19. Let S and he small categories and u : S ^ S§ a functor. Let 
hea cocomplete abelian category with exact coproducts. Given a natural system 
D : FS" on S', there is a third quadrant cohomology spectral sequence 

El, = -HgiFu/-, D o Q(_))) ^ Hj^^gi^, D) 

which is functorial with respect to natural transformations and where 

-HqiFu/-, D o Q(_)) = colimf"/-(L' o Q^_^) -.Fm^s/. 

Proof. We can identify the £^^-term in the above homology spectral 
sequence as follows (see HI, [16|) 

Lan^''{D) ^ colimf "/'^D o 

which then gives the desired homology spectral sequence. □ 

For the special case = x ^ and u' = tt o Fu with a natural system 
D : FS' onS we get a homology spectral sequence 

El^ ^ Hp{<^°P X ^,Lg{n o FuUD)) ^ Hl^fg{S,D) 
which after identifying the various terms gives the following spectral 
sequence for Hochschild-Mitchell homology dual to the one of Theorem 

ME 

Theorem 1.20. Let S and S§ he small categories and u : S ^ a functor. Let 
£^ hea cocomplete abelian category with exact coproducts. Given a natural system 
D : FS — > there is a third quadrant homology spectral sequence 

El^ - Ff^(^,L,((n°*' X n) ovr,)(Z))) ^ H^^^{S,D) 

which is functorial with respect to natural transformations and where Lq{{u°P x 

u) o vr)* = Lan~q ^^"^"'^ is given as the q-th left satellite of Lan^'^°^ ^"^^""^ , the left 
Kan extension along {u"^ x u) on. 
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Similarly, we can again identify the terms in the £'2-page of the spectral 
sequence and obtain: 

Corollary 1.21. Let u : S' ^ 3§ he a functor between small categories and a 
cocomplete abelian category with exact coproducts. Given a natural system D : 
— )• , there is a third quadrant homology spectral sequence 

El, = ngiiu^P X u) o vr/-, D o Q(_))) ^ D) 

which isfunctorial with respect to natural transformations and where 

ngiiu^P X u)o7r/-,L>og(„)) = colim("°^^")°'^/-(Z)oQ(_)) : x ^ ^ i/. 

As above in the special case D = 7r*M for a bimodule M : S'°p x S' ^ £/ 
on we can further identify the i?^-term of the spectral sequence similarly 
as in Theorem 11.161 to obtain a spectral sequence for Hochschild-Mitchell 
homology of the form: 

= <'^(=^,L,(KP X n),)(M)) ^ <4^(^,M) 

And again we can now identify the E'^-page in terms of local fiber 
data as above in Corollary 11.171 This spectral sequence could also 
be derived directly from the homological Andre spectral sequence of 
Theorem [L4] using the interpretation of Hochschild-Mitchell homology as 
an appropriate homology of small categories. 

With similar arguments as above, we can also derive cohomology and 
homology spectral sequences for more special coefficient systems like £- 
modules, local systems or trivial systems, which we will leave to the 
interested reader. For the case of (f -modules we only note that one 
just recovers the cohomology and homology Andre spectral sequences of 
Theorems 11.21 and 11.41 In the case of local systems, the spectral sequences 
can also be interpreted as a Leray type spectral sequence for the induced 
map Bu : BS — )■ B3S between the classifying spaces of the categories (f 
and 

1.3. A spectral sequence for the cohomology of algebraic theories. Let 

us now consider an application to the cohomology of algebraic theories. 
Jibladze and Pirashvili [17J constructed a general cohomology theory for 
algebraic theories, which gives a well-behaved cohomology theory for 
rings and algebras. They also indicated the importance of having more 
general coefficient systems than just modules. One approach towards this 
is to interpret cohomology of algebraic theories again as an appropriate 
Baues-Wirsching cohomology with natural systems as coefficients, see [iTl 
Sect. 6]. One needs to use these more general coefficient systems, for 
example, when classifying extensions of algebraic theories. 

Let us first recall the definition of an algebraic theory: 
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Definition 1.22. A (finitary) algebraic theory is a category whose objects 
are the natural numbers N, denoted 0, 1, 2, . . . n, . . . , equipped with 
distinguished isomorphisms 

: Di A l*" 

between each object in and the product of n copies of the object 1. 
Morphisms between algebraic theories are simply functors which are 
identities on objects and preserve finite products, i. e. functors preserving 
the morphisms 0„ for aU n. The category of algebraic theories will be 
denoted by Tfjeories. 

Now let T be an algebraic theory. There is an equivalence of categories 
HZl Sect. 6] 

2tb(Tf)eories/T) ^ m&{J"P) 

where 2lb(Tf)cories/T) is the category of internal abelian group objects 
in the comma category Tf)eories/T and Crtat*^(T°P) is the category of 
coproduct-preserving natural systems on the opposite category J°f, that 
is, natural systems D such that for any diagram in T of the form 



/ 

X ^ yi X 7/2 X ... X yn 



Vn, 

where pi are the canonical projections, the homomorphism 

Dim ^ Dirp o pi°p) e . . . e Dirp o 

induced by the structure maps of Definition 11.71 (HJ is an 

isomorphism. 

The cohomology with coefficients M in 2lb(Tf)eories/T) of an algebraic 
theory T is defined as the Baues-Wirsching cohomology 

H*{J,M) = H*BwiJ°'',M) 

where M is the natural system associated to M by the above equivalence 
between the categories 2tb(Tf)eories/T) and ^ai^^{J"'P). The cohomology 
may be calculated with the complex given in Definition 11.81 or using a 
smaller normalized complex as explained in [3 J. Dually, we can also define 
the homology of algebraic theories as 

Now let ti : E — )■ B be a morphism of algebraic theories and M a 
coefficient system from 2tb(Tf)eories/E), then it follows from Corollary ll.151 
that there exists a first quadrant cohomology spectral sequence 

^2" = Kwi^"^^ Wi-fFu^P, M o q(-))) ^ i/P+'?(E, M). 
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Dually, from Corollary 11.191 we get a third quadrant homology spectral 
sequence 

In general though, the i?2-pages of these spectral sequences are only given 
as general Baues-Wirsching cohomology groups and might not always be 
identified with a certain cohomology or homology of the algebraic theory 
B. 

2. Constructing spectral sequences for Grothendieck 

fibrations 

2.1. Grothendieck fibrations and spectral sequences. In this section we 
will analyze the spectral sequence constructions in the particular situation 
of a Grothendieck fibration of small categories. Applying the spectral 
sequence constructions of the preceding sections to a functor which is 
a Grothendieck fibration allows to identify the £^2-pages with simpler 
cohomology or homology groups keeping track of the fiber data. 

Given any functor u : S ^ and an object 6 of SS, recall that the 
fiher category (f^ = n~^(6) is the subcategory of S that fits into the puUback 
diagram 




The objects of Si, are those objects of S which map onto h via the functor u 
and the morphisms are given by those which map to the identity 1;,. 

We now have the following notion of a fibration between small 
categories due to Grothendieck |,,15, Expose VI]: 

Definition 2.1. Let S and be small categories. A Grothendieck jihration is a 
functor ti : (f — )• such that the fibers S^ = u~^{b) depend contravariantly 
and pseudofunctorially on the objects b of the category The category 
is also called a category fibered over SS. 

There are many equivalent explicit definitions of a Grothendieck 
fibration. We only recall here from [13J, that u : S — )• ^ is a Grothendieck 
fibration if for each object h oi the inclusion functor from the fiber into 
the comma category 

jfe : (ffe — )• 6/u, e i-T- (e, h — )• ue) 

is coreflexive, i. e. has a right adjoint left inverse. We have the following 
general characterization of Grothendieck fibrations: 

Theorem 2.2. There is an equivalence of 2-categories 

5ib(=^) 4 q}st)5'un(^°P, e:at) 
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between the 2-category of Grothendieck fibrations ^\b{^) over a category and 
the 2-category of contravariant pseudofunctors ^s^^un{^°P, €.ai)from 1% to the 
category Cat of small categories. 

Proof. For a detailed proof we refer to IlSl or ||5l Vol. 2, 8.3.1]. The 
equivalence is induced by the Grothendieck construction 

/ : ^5nun{^°P, (tai) ^\b{^), F ^ [ F. 
J JpJ 

And if conversely u : (a — )• ^ is a Grothendieck fibration the assignment 

G:^°P^ Cat, 6^4 = u-^{b). 
defines a pseudofunctor. □ 

Let u : S ^ he a Grothendieck fibration and D : FS he a 

natural system on the category , where is a complete abelian category 
with exact products. 

We get a local system : ^ ^ £/ from the associated 
pseudofunctor G : — > Cat by assigning to every object b of the category 
^ the q-th Baues-Wirsching cohomology of the category G{b) 

U%w{G{-),D\fs,_)):^^^, b^Hl^{G{b),D\Fs^) 

with coefficients in the natural system : — ^ s^. 

For each object b of the base category =^ we have a cartesian diagram 



4 — b/u 




Let denote the right adjoint functor of the inclusion functor j;, and let Df, 
denote the natural system on 6/u given by the following composition, 

Db : F{b/u) ^ FSb ^FS ^£^. 

Now we get a first quadrant cohomology spectral sequence from 
the cohomology spectral sequence for the Grothendieck construction 
of Pirashvili-Redondo II23II and the equivalence between Grothendieck 
fibrations and pseudofunctors: 

This spectral sequence is functorial with respect to 1-morphisms, i.e. 
natural transformations between Grothendieck fibrations. 

To summarize, we have constructed the following cohomology spectral 
sequence for general Grothendieck fibrations of small categories: 
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Theorem 2.3. Let S and ^ be small categories and let u : S' ^ ^ be a 
Grothendieck fibration. Given a natural system D : FS" £/ on S", where £/ is 
a complete abelian category with exact products, there is a first quadrant spectral 
sequence 

which isfunctorial with respect to 1-morphisms of Grothendieck fibrations. 

In order to identify the £'2 -term of this spectral sequence with local data 
of the fiber category we need the following definition, which corresponds 
to the property of h-locality introduced in ||23l . 

Definition 2.4. A natural system D : Fto £/ is called local if the adjoint 
functor Rh of the inclusion functor ji, : (§1 ^ b/u induces an isomorphism 
in Baues-Wirsching cohomology 

Hl^{b/u,D,)^H%^{,^,,DoFi,) 

for every q and every object b of the base category i. e. we have a natural 
isomorphism of local coefficient systems 

Identifying the -E2-page of the above spectral sequence, we now have the 
following cohomology spectral sequence: 

Theorem 2.5. Let S and be small categories and u: S ^ SSbea Grothendieck 
fibration. Given a local natural system D : FS' onS, where is a complete 
abelian category with exact products, there is a first quadrant spectral sequence 

El''^ - HP{^,n%^{^^^),DoFi^_))) ^ HPb'^{^,D) 

with the local coefficient system 

n%y^{Si^^),DoFi^_)):m^s^, b^Hly^{£,,,DoFij,). 

Furthermore, the spectral sequence is functorial with respect to 1-morphisms of 
Grothendieck fibrations. 

Proof. This follows immediately from the construction of the cohomology 
spectral sequence in Theorem 12.31 and the definition of a local natural 
system D : FS — > =2/ on the total category (f . □ 

Dually, we can also derive a homology version of the spectral sequence 
for a Grothendieck fibration by invoking the obvious dual notions and 
constructions involved: 

Theorem 2.6. Let S and be small categories and u: S ^ SBbea Grothendieck 
fibration. Given a colocal natural system D : FS' on S, where is 

a cocomplete abelian category with exact coproducts, there is a third quadrant 
spectral sequence 
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with the local coejficient system 

Furthermore, the spectral sequence is functorial with respect to 1-morphisms of 
Grothendieck fibrations. 

As in the preceding sections we can specialize these cohomology 
and homology spectral sequences for coefficient systems of bimodules, 
modules, local systems or trivial systems. The associated spectral 
sequences will then for example in the case of bimodules relate the 
Hochschild-Mitchell cohomology or homology groups in a Grothendieck 
fibration. We leave it to the interested reader to work out the details. 

2.2. Applications and examples. In this final section we will give 
interpretations and applications of particular spectral sequences, which 
were studied before in the literature. 

Formulated here in the language of Grothendieck fibrations, the 
cohomology spectral sequence of Theorem 12.31 can also be seen as an 
equivalent version of the Pirashvili-Redondo spectral sequence, which 
converges to the Baues-Wirsching cohomology of the Grothendieck 
construction of a pseudofunctor (see Il23| , (241). And this spectral sequence 
again generalizes several others. Let us study some important examples. 

Example 2.7. Let be a small category with an action of a group G. The 
group G can be considered as a small category with a single object * and 
the group G as morphism set. A G-action on is then simply given as a 
functor 

F -.G^P ^ (tai, = ^. 

We can view F as a pseudofunctor and the Grothendieck construction gives 
a small category F. The above equivalence between pseudofunctors and 
Grothendieck fibrations therefore gives a Grothendieck fibration of small 
categories 

u: [ F^G. 

Jg 

Given in addition a natural system D : J^F ^ 2lb, we get therefore a first 
quadrant cohomology spectral sequences of the form: 

JG 

Finally, we can identify the fiber data in this particular situation, which 
allows to rewrite the £'2-page and get: 

El'''^HP{G,H%^{^,D))^HPj^^{( F,D). 

Jg 

This can be interpreted as a categorical version of the classical Cartan-Leray 
spectral sequence, which was also derived as a special case in 1.23. Remark 
5.4] and for local coefficient systems in pTl Proposition 5.4.2]. 
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Let us also study the particular situation of a fc-linear category with a 
G-action, which is of importance in representation theory. Let A; be a field 
and be a A;-linear category, i. e. a small category where morphism sets 
are A;-vector spaces and composition is fc-bilinear. 

Assume now that a group G is acting freely on 'lo. As before we can take 
the Grothendieck construction which in this situation gives the quotient or 
orbit category j^F = ^ /G. So we get as a special case a Cartan-Leray 
spectral sequence, which calculates the Baues-Wirsching cohomology of 
the quotient category: 

El^'^ - HP{G,Hl^{^,D)) ^ Hl'^i^/G^D). 

For bimodule coefficients M of ^un{^/G,Wo), this spectral sequence is 
the Cartan-Leray spectral sequence of Ciblis-Redondo fflOl Theorem 3.11] 
(see also [23, Remark 5.3]), which calculates the Hochschild-Mitchell 
cohomology of the quotient category ^/G. 

We can also derive dual homology versions of the above cohomology 
spectral sequences, but will leave these straightforward constructions to 
the interested reader. 

Let us finally mention the case of cohomology and homology with local 
or trivial coefficient systems, which correspond to singular cohomology 
and homology of the associated classifying spaces with local or constant 
coefficients. 

Example 2.8. Let « : -> ^ be a Grothendieck fibration and L : vriff — )• 2tb 
a local system on ff. Then we get the following first quadrant cohomology 
spectral sequence from Theorem 12.51 

with the local system L(_)) : tti^ 2lb as coefficients. 

Dually, we have a third quadrant homology spectral sequence from 
Theorem l2.6[ 

Elg - Hp{B^, H,{B<g^_),L^_))) ^ i?p+,(S<f , L) 

with the local system W{B<g{^_),L(^_)) : tti3S 2lb as coefficients. 

Specializing even further, using trivial systems of coefficients in a 
constant abelian group A, i. e. functors A : 1 ^ 2tb, we get immediately 
the following first quadrant cohomology spectral sequence: 

^P,q ^ HP{B,^,W{B^(^_),A)) =^ HP+'i{BS,A) 

And dually again, we have a third quadrant homology spectral 
sequence: 

El^ ^ Hp{B^,ngiB^^.),A)) ^ Hp+g{BS,A) 

In general, starting with a Grothendieck fibration u : — )• ^ of 
small categories and applying the classifying space functor B{—) does not 
give a fibration or quasi-fibration of topological spaces. But del Hoyo 
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IITTl Theorem 5.3.1] showed that if u : ^ J3g is moreover a Quillen 
fibration of small categories, which means esseritially that all the classifying 
spaces of the fibers S'b are weakly homotopy equivalent, then applying a 
fibered version Bf{—) of the classifying space functor does indeed give a 
quasi-fibration of topological spaces and therefore the particular spectral 
sequences above are Serre type spectral sequences. 
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